
1 Topology

Topology is the study of continuous deformations. We wish to identify and spaces which can be

continuously deformed into another. For example, a circle, a triangle and a box have the same

topology. Recall that continuity can be defined in terms of open sets. It does not require either

the notions of “smoothness” or “distance”.

1.1 Basic notion of topology.

Definition: Two topological spaces, X, Y , are homeomorphic if there exists a con-

tinuous map f : X −→ Y , with continuous inverse f−1 : Y −→ X. We then write

X ∼ Y .

This is the key concept of topology! From the perspective of topology, we view two home-

omorphic spaces as equivalent. More formally, if X and Y are topological spaces with X ∼ Y

and f : X −→ Y the homeomorphism, then the topology of X induces the topology of Y under

f .

Theorem 1.1: Homeomorphism is an equivalence relation.

Exercise 1.1: Prove this, i.e. prove the following properties for topological spaces X, Y ,

Z.

(i) Reflexivity

X ∼ X . (1.1)

(ii) Symmetry

X ∼ Y ⇐⇒ Y ∼ X . (1.2)

(iii) Transitivity

If X ∼ Y and Y ∼ Z, then X ∼ Z . (1.3)

There are some properties of topological spaces which are invariant under homeomorphisms,

i.e. if X ∼ Y then they have that same property. Such properties, which are the same on

any equivalence class of homeomorphic spaces, are called topological invariants. They play a

crucial in topology and, as we will see, physics. An open problem in topology is to find a set

of topological invariants (i.e. invariant under homeomorphism, defined below) such that if they

agree for two spaces, those two spaces are homeomorphic.

Exercise 1.2: Show that the dimension of Rn is a topological invariant.

Exercise 1.3: Show that compactness is a topological invariant.
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Exercise 1.4: Show that connectedness is a topological invariant.

We now continue this idea of identifying objects related by continuous deformations. For

example, we wish to view continuous maps which can be continuously deformed into one another

as equivalent. This leads to the idea of homotopy. To give the definition, let us first introduce

our shorthand for an interval

I = [0, 1] = {t|0 ≤ t ≤ 1} . (1.4)

Its boundary is the two-point set ∂I = {0, 1}.

Definition: Two continuous maps between topological spaces f : X −→ Y and g : X −→
Y are homotopic if there exists a continuous function

H : X × I −→ Y , (1.5)

such that

H(x, 0) = f(x) , H(x, 1) = g(x) . (1.6)

Here continuity also refers to continuity in t ∈ I. We write f ∼ g and call H a homotopy

between f and g. You should think of H as a continuous family of maps Ht : X −→ Y

parameterised by the value t.

Figure 1: The two functions f(x) and g(x) are homotopic f ∼ g with H(x, t) a homotopy
between them. The different dashed curves correspond to H(x, t) for fixed, but different, values
of t. The green curves are H(x, t1) and H(x, t2).

Theorem 1.2: Homotopy is an equivalence relation.

Exercise 1.5: Prove this.
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1.2 What about geometry?

We have just defined some basic notions of topology. Given the title of the course, you may

wonder what the basic notions of geometry are that we will be using. This inevitably raises the

question of what exactly we mean by geometry versus topology. For the purposes of this course,

we will view topology as the study of any global structures of spaces, while geometry will be the

study of local structures.

For example, remember that a manifold of dimension n looks locally like Rn and therefore,

locally, all manifolds are the same. Hence, we will consider the study of manifolds as falling

under topology. On the other hand, a manifold with a Riemmanian metric locally looks like

Rn with some metric, which is not necessarily the flat Riemannian metric. Therefore, manifolds

with Riemannian metrics have local structure and are studied in geometry, in the subfield known

as Riemannian geometry.

According to the above definition, in this course we will mostly be concerned with topology.

The exception are chapter 3.4, dealing with Hodge theory which relies on a Riemannian metric,

and chapter 5 in which we will study connections on fibre bundles, which provide the fibre bundle

with a local structure.
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2 Homotopy groups

Remarkably, the set of homotopy equivalence classes of maps contain topological information

about that space. For example, consider different loops in a space with a hole and one without

a hole, as in figure 2.

(a) Two loops in the plane. (b) Two loops in the plane with a hole.

Figure 2: The two loops γ and σ in the plane can be contracted to a point. In the plane with
a hole, γ is still contractible because it does not enclose the hole. However, σ can no longer be
contracted to a point because it encircles the hole.

It is clear that in the space without a hole, all loops can be contracted to a point. For

example, as shown in figure 2a, the loops γ and σ can both be contracted to a point. However,

in the space with a hole, any loop surrounding the hole cannot be contracted to a point, as

shown in figure 2b. Furthermore, it is intuitively clear that if we consider loops which contain a

fixed point x0 in the plane, they can all be continuously deformed into one another. This is not

true of loops containing a fixed point x0 in the plane with a hole. By contrast, these loops can

instead be labelled by an integer which counts how often they wind around the hole.

As we just saw, the set of loops which can be continuously deformed into one another contain

topological information. We will now make these intuitive notions precise by defining “homotopy

groups”.

2.1 First homotopy group

To extract the topological information from spaces as we intuitively discussed above, we need

to consider loops. Let us first introduce the concept of a path.

Definition: A path γ in X from x0 to x1 is a continuous map

γ : I −→ X , (2.1)

with

γ(0) = x0 , γ(1) = x1 . (2.2)

This also allows us to define a stronger notion of connectedness, called path-connectedness.
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Definition: A topological space X is called path-connected if there exists a path be-

tween any pair of points x0, x1 ∈ X.

We can now define loops which will play a crucial role in the following.

Definition: A loop at x0 ∈ X is a path γ in X with

γ(0) = γ(1) = x0 . (2.3)

The space of all loops at x0 ∈ X or loop space at x0 ∈ X is denoted Cx0(X).

We can similarly describe a loop by γ : S1 −→ X but it will often be useful to highlight the

base point x0. Loops are great because one can “multiply” them together by following them

in succession. In fact, we will soon show that homotopy equivalence classes of loops at a point

x0 ∈ X form a group!

Let us formalise our intuitive notion of multiplying loops.

Definition: The product of loops

? : Cx0(X)⊗ Cx0(X) −→ Cx0(X) , (2.4)

is defined as follows. For any two loops at x0 ∈ X, γ, σ ∈ Cx0(X), the product loop

ρ = σ ? γ ∈ Cx0(X) is given by

ρ(t) =

{
γ(2t) , 0 ≤ t ≤ 1/2 ,

σ(2t− 1) , 1/2 ≤ t ≤ 1 .
(2.5)

Figure 3: The product of two loops γ and σ at the same point x0 is formed by following first γ
and then σ at twice their normal “speeds”. The product is by construction another loop at x0.

5



Definition: Consider the loop γ at x0 ∈ X. Its inverse loop γ−1 is defined as

γ−1(t) = γ(1− t) , 0 ≤ t ≤ 1 . (2.6)

Figure 4: A loop γ at x0 and its inverse loop γ−1 which is obtained by following γ in reverse.

Definition: The constant loop at x0 ∈ X, e, is defined as

e(t) = x0 , 0 ≤ t ≤ 1 . (2.7)

It is instructive to think about whether these operations make the space of loops at x0 into

a group. There are several reasons why this does not work. For a start, the clearest candidate

of an identity element is the constant loop. Yet this does not work. Think of t as representing

time. Then γ ? e 6= γ because γ ? e includes a “pause” for half the time, as compared to γ. We

somehow want to ignore these pauses in the group operation. Similarly, γ ? γ−1 6= e. Clearly,

the space of loops with the product operation defined above does not yield a group. (Even if

it did, this would clearly have to be an infinite-dimensional group, and thus very hard to work

with.)

However, all is not lost. We can use the earlier definition of homotopy to define homotopic

loops. However, we need to change the definition slightly to ensure that the base point is changed

by the homotopy.

Definition: Two loops γ, σ at x0 ∈ X are homotopic loops if there exists a continuous

map

H : I × I −→ X , (2.8)

such that

H(t, 0) = γ(t) , 0 ≤ t ≤ 1 ,

H(t, 1) = σ(t) , 0 ≤ t ≤ 1 ,

H(0, s) = H(1, s) = x0 , 0 ≤ s ≤ 1 .

(2.9)

Then we write γ ∼ σ and we call H a loop homotopy between γ and σ.
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Theorem 2.1: Homotopy of loops is an equivalence relation.

Proof. The proof follows from Exercise 1.5.

Definition: We will call the homotopy equivalence class of a loop γ at x0 ∈ X the

homotopy class of γ and denote it by [γ].

One can easily show that the above definitions for the product and inverse loops are well-

defined on homotopy classes of loops.

Exercise 2.1: Consider loops γ0, σ0, γ1, σ1 at x0 ∈ X. Show that:

1. σ0 ∼ σ1 ⇒ σ−10 ∼ σ−11 .

2. σ0 ∼ σ1, γ0 ∼ γ1 ⇒ γ0 ? σ0 ∼ γ1 ? σ1.

This shows that it makes sense to define the product ? on homotopy classes of loops.

Working with homotopy classes immediately alleviates the two problems we mentioned above.

The equivalence class of constant loops [e] really is the identity of the product ? defined on

homotopy classes and [f ] ? [f−1] = [e]. This leads to the following theorem

Theorem 2.2: The set of homotopy classes of loops at x0 forms a group under the

loop product, with the constant loop at x0 as the identity and the inverse given by the

homotopy class of the inverse loop.

Proof. We have already seen that the product of loops gives another loop and is well-defined on

homotopy classes of loops. The above remarks also show that there is an identity and inverse.

It remains to show that the product of homotopy classes of loops is associative, as you are asked

to show in the following exercise.
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Exercise 2.2: Show that the product of homotopy classes of loops is associative.

Hint : Consider three loops, α, β and γ : I −→ X.

(i) Show that (α ? β) ? γ and α ? (β ? γ) are given by

(α ? β) ? γ(t) =


α(4t) 0 ≤ t ≤ 1

4 ,

β(4t− 1) 1
4 ≤ t ≤

1
2 ,

γ(2t− 1) 1
2 ≤ t ≤ ,

(2.10)

and

α ? (β ? γ) (t) =


α(2t) 0 ≤ t ≤ 1

2 ,

β(4t− 2) 1
2 ≤ t ≤

3
4 ,

γ(4t− 3) 3
4 ≤ t ≤ 1 .

(2.11)

(ii) Using the above result, find a homotopy between (α ? β) ? γ and α ? (β ? γ).

Definition: This group of homotopy classes of loops at x0 ∈ X with the loop product

is called the fundamental group or first homotopy group at x0 and is denoted

π1(X,x0).

You may worry that the fundamental group depends on the base point, x0, chosen. However,

we will now show that for a path-connected space, the fundamental groups at any two points

are isomorphic. Therefore, for a path-connected space one can just speak of the fundamental

group.

Let us begin by defining a multiplication law for paths, not just loops.

Definition: The product path ρ from x0 to x2 ∈ X of a path γ from x0 to x1 ∈ X with

a path σ from x1 to x2 ∈ X is given by

ρ(t) =

{
γ(2t) , 0 ≤ t ≤ 1/2 ,

σ(2t− 1) , 1
2 ≤ t ≤ 1 .

(2.12)

We denote it by ρ = σ ? γ.

Exercise 2.3: Show that the product path is a path, i.e. that it is continuous.

Just like for loops we can define an inverse path.

Definition: The inverse path γ−1 from x1 to x0 ∈ X of a path γ from x0 to x1 ∈ X is

given by

γ−1(t) = γ(1− t) . (2.13)

Using these concepts we can now prove the following theorem.
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Theorem 2.3: If there is a path γ from x0 to x1 ∈ X, then π1(X,x0) ' π1(X,x1) are

isomorphic.

Proof. The idea of the proof is to use γ and its inverse γ−1 to turn a loop at x0 into a loop at

x1 and vice versa as illustrated in figure 5.

Figure 5: Using a path γ from x0 to x1 and its inverse path γ−1 we can turn the loop σ at x0
into a loop at x1.

Following this idea, we first define the maps between fundamental groups

γ∗ : π1(X,x0) −→ π1(X,x1) ,

γ−1∗ : π1(X,x1) −→ π1(X,x0) ,
(2.14)

by

γ∗ : ([σ] , x0) −→
([
γ ? σ ? γ−1

]
, x1
)
,

γ−1∗ : ([σ] , x1) −→
([
γ−1 ? σ ? γ

]
, x0
)
.

(2.15)

One can easily show that these maps define an isomorphism between the of fundamental groups

π1(X,x0) and π1(X,x1), as you are asked to do in the following exercises.

Exercise 2.4: Show that γ∗ is well-defined on homotopy classes, i.e. if σ ∼ σ′ are

homotopic loops at x0 then [γ∗σ] = [γ∗σ′].

Exercise 2.5: Show that γ∗ defines a homomorphism, i.e. for any two loops σ, σ′ at

x0 ∈ X,

[γ∗(σ) ? γ∗(σ′)] = [γ∗(σ ? σ′)] . (2.16)

Exercise 2.6: Show that γ−1∗ ? γ∗ = e0 where e0 represents the equivalence class of the

constant loop at x0.
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Corollary: If X is a path-connected topological space then for any x0, x1 ∈ X, the

fundamental groups π1(X,x0) ' π1(X,x1).

2.1.1 Examples of homotopy groups

Example 2.1: Figure 6 shows the punctured plane, i.e. R2 with a hole. We can assign to

each loop at x0 a winding number n ∈ Z counting how many times the loop encircles the hole

clockwise. If n < 0, the loop encircles the hole counter-clockwise. The product loop of two loops

with winding numbers n and m has winding number n + m. Thus, we have that π1(X) ' Z,

where X is the punctured plane.

(a) A loop with winding no. 1. (b) A loop with winding no. -1. (c) A loop with winding no. 2.

Figure 6: The punctured plane has a non-trivial first homotopy group π1 ' Z and hence
homotopy classes of loops can be labelled by a winding number, counting how many times they
wind the hole clockwise. The figures show three loops at x0 belonging to different homotopy
classes.

Example 2.2: Note that the fundamental group need not necessarily be abelian. To see an

example of a non-Abelian fundamental group consider a plane with two holes cut out as in figure

7. Consider the loop α at x0 which winds around the left hole while staying below the right

hole and the loop β at x0 which winds around the left hile while staying above the right hole.

Clearly, the two loops are not homotopic α 6' β as loops at x0, i.e with x0 fixed. However,

using γ which winds around the right hole counter-clockwise we can turn α into a loop that is

homotopic to β:

γ−1 ? α ? γ ' β , (2.17)

and thus

[γ]−1 ? [α] ? [γ] = [β] 6= [α] . (2.18)

However, this implies that the fundamental group of the double punctured plane cannot be

Abelian since

[γ] ? [α] 6= [α] ? [γ] . (2.19)
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Figure 7: The plane with two punctures has a non-Abelian first homotopy group. This can be
seen by considering the loops α and β at x0 which wrap the left hole while below / above the
right hole and the loop γ at x0 which wraps the right hole but not the left. Clearly, α 6= β but
γ−1 ? α ? γ ' β from which it follows that the first homotopy group is non-Abelian.

2.2 Homotopy type and deformation retraction

We will now introduce two operations on topological spaces, other than homeomorphisms, which

leave the fundamental group invariant, and are thus useful in calculating homotopy groups.

Rather incredibly, these operations can even change the dimension of the topological spaces, yet

the fundamental group stays invariant. This fact already shows that homotopy groups are not

enough to fully characterise the topology of the spaces.

Definition: Two spaces are of the same homotopy type if we have continuous maps f

and g,

f : X −→ Y , g : Y −→ X , (2.20)

such that

f ◦ g ∼ 1Y , g ◦ f ∼ 1X . (2.21)

Theorem 2.4: If two topological spaces X and Y are path-connected and of the same

homotopy type, then

π1 (X,x0) ' π1(Y, y0) , ∀x0 ∈ X, y0 ∈ Y . (2.22)

Proof. The proof can be found in Nash & Sen, chapter 3..

Corollary: If two topological spaces are homeomorphic X ∼ Y and are path-connected then

π1(X,x0) ' π1(Y, y0) . (2.23)

This corollary shows that, as promised, the fundamental group is a topological invariant.

Example 2.3: A circle and a circle with a line attached, as shown in figure 8, are of the same
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homotopy type but are not homeomorphic.

Figure 8: The circle and the circle with a line attached are of the same homotopy type.

Example 2.4: Two circles attached by a line, the figure eight and two circles divided by a line,

as shown in figure 9, are all of the same homotopy type. However, they are not homeomorphic.

(a) (b) (c)

Figure 9: Three homotopic spaces that are not homeomorphic.

We can also define an operation which captures the intuitive notion of continuously shrinking

a topological space onto some subset. This is called a deformation retract.

Definition: A subset A ⊂ X of a topological space is called a deformation retract if

there exists a continuous map

r : X −→ A , (2.24)

with r|A = 1A, i.e. r(a) = a ∀ a ∈ A, and there exists another continuous function

H : X × I −→ X , (2.25)

with

H(x, 0) = x ,

H(x, 1) = r(x) ,

H(a, t) = a ∀ a ∈ A t ∈ I .

(2.26)

The continuous map r defined here is called a retract.

Note that the condition for a deformation retract is stronger than requiring just a retract

that is homotopic to the identity because we also require this homotopy to act like the identity

on the deformation retract for all t ∈ I. Deformation retracts are important for the following

reason.
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Theorem 2.5: If X is a path-connected topological subspace and A a deformation

retract of X, then π1(X, a) ' π1(A, a) with a ∈ A.

Let us emphasise once more that the fundamental group is not enough to distinguish topo-

logical spaces. For example, we will show in the following examples, deformation retracts of a

topological space can be of a different dimension. Nonetheless the fundamental group between

two such spaces is the same.

Example 1: The point {0} is a deformation retract of Rn. The retract just maps r : Rn −→
{0} and the homotopy is given by

H(x, t) = tx , t ∈ I x ∈ Rn . (2.27)

Thus, we find π1 (Rn, 0) = 0.

Definition: A topological space X that can be deformation retracted to a point is called

a contractible space.

Proposition: All contractible spaces have trivial fundamental group.

Proof. This follows immediately from the fact that the fundamental group of a point is trivial.

Example 2: Sn−1 is a deformation retract of Dn−{0}. Here Dn refers to the n-dimensional

disc defined as

Dn =
{

(x1, . . . , xn) ||x1|2 + . . .+ |xn|2 ≤ 1
}
. (2.28)

The deformation retract is obtained via

H(x, t) = (1− t)x+ t
x

|x|
. (2.29)

Thus,

π1(D
2 − {0} , x0) ' π1

(
S1, x0

)
' Z . (2.30)

One also often encounters product spaces, for which the following theorem tells us how to

find the fundamental group.

Theorem 2.6: For two path-connected topological spaces X, Y , we have

π1(X × Y, x0 × y0) ' π1(X,x0)⊕ π1(Y, y0) , x0 ∈ X , y0 ∈ Y . (2.31)

Exercise 2.7: Prove this.

Example: Using Tn = S1 ⊗ . . .⊗ S1︸ ︷︷ ︸
n copies

, we find π1(T
n) = Z⊕ . . .⊕ Z︸ ︷︷ ︸

n copies

.
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Exercise 2.8: What is π1 of a cylinder?

These tools should allow you to calculate the homotopy groups of most topological spaces

you will encounter. We end our discussion of the fundamental group by noting that one can often

calculate it using a triangularisation of the space, called a simplicial complex. However, we will

not go into any detail of this construction, but refer the interested reader to the relevant chapters

in the books by Nakahara (chapter 4), Nash & Sen (chapter 3), or for the more mathematically

minded to Hatcher (chapter 3).

2.3 Higher homotopy groups

We can generalise the concepts that we just met to higher dimensions. We start by introducing

n-loops. Firstly, we denote by In the n-cube: [0, 1]n and by ∂In its boundary.

In = {(t1, . . . , tn) |0 ≤ ti ≤ 1} ,

∂In = {(t1, . . . , tn) |0 ≤ ti ≤ 1 , some ti = 0 or 1} .
(2.32)

Definition: A n-loop based at x0 ∈ X is a continuous map

γ : In −→ X , (2.33)

such that

γ|∂In = x0 . (2.34)

We will typically denote a point in In by t with coordinates (t1, . . . , tn) and 0 < ti < 1. The

boundary ∂In is then the set where ti = 0 or ti = 1 for any i = 1, . . . , n. This means that we

require γ(t1, . . . , tn) = x0 when ti = 0 or ti = 1 for any i.

We can continue and define the product of n-loops as follows.

Definition: Let γ, σ be two n-loops at x0 ∈ X. Then their product loop ρ = σ ? γ is

an n-loop at x0 ∈ X defined as

ρ(t1, . . . , tn) =

{
γ(2t1, t2, . . . , tn) , 0 ≤ t1 ≤ 1/2 ,

σ(2t− 1, t2, . . . , tn) , 1/2 ≤ t1 ≤ 1 .
(2.35)

We can also define homotopic n-loops.
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(a) The 2-loop γ. (b) The 2-loop σ. (c) The product 2-loop ρ = σ ? γ.

Figure 10: The product of 2-loops.

Definition: Two n-loops γ, σ at x0 ∈ X are homotopic if there exists a continuous map

H : I × In −→ X , (2.36)

such that

H(0; t) = γ(t) ,

H(1; t) = σ(t) ,

H(s, t) = x0 , if t ∈ ∂In .

(2.37)

Exercise 2.9: Show that homotopy of n-loops is an equivalence relation.

We will again refer to these equivalence classes as homotopy classes and denote them by [ ].

Definition: The constant n-loop e at x0 ∈ X is defined as

e : In −→ x0 . (2.38)

Definition: The inverse n-loop γ−1 of an n-loop at x0 is the map

γ−1 : In −→ X , (2.39)

defined as

γ−1(t1, . . . , tn) = γ(1− t1, . . . , tn) . (2.40)

Lemma The product and inverse of n-loops at x0 ∈ X are well-defined on homotopy classes.

Exercise 2.10: Show this.
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Theorem 2.7: The homotopy classes of n-loops at x0 ∈ X with product, inverse as

defined above and identity the constant n-loop at x0 define a group.

Exercise 2.11: Prove this!

It should not be surprising that the higher homotopy groups satisfy the same theorems

regarding path-connected, contractible and product spaces.

Theorem 2.8: If there is a path f in X, a topological space, from x0 to x1 then

πn(X,x0) ' πn(X,x1) . (2.41)

Corollary: If X is a path-connected topological space then πn(X,x0) ' πn(X,x1) for any pair

of points x0, x1 ∈ X.

Theorem 2.9: If two path-connected topological spaces X and Y are of the same

homotopy type, then

πn(X,x0) ' πn(Y, y0) , x0 ∈ X , y0 ∈ Y . (2.42)

Theorem 2.10: If A ⊂ X is a deformation retract of X then

πn(X, a) ' πn(A, a) , a ∈ A . (2.43)

Corollary: If a topological space X is contractible, then πn(X,x0) = 0.

Theorem 2.11: If X and Y are path-connected topological spaces, then

πn(X × Y, x0 × y0) ' πn(X,x0)⊕ πn(Y, y0) , x0 ∈ X , y0 ∈ Y . (2.44)

Despite these similarities, the higher homotopy groups differ in a crucial way from the fun-

damental group: they are all abelian!

Theorem 2.12: The n-dimensional homotopy groups πn(X,x0) are abelian for n > 1.

Proof. First note that the n-loop γ at x0 ∈ X is homotopic to the n-loop γ̃ obtained by “thick-

ening” the boundary as shown in figure 11. Now one can easily show that the homotopy groups

are abelian by considering the product of any two n-loops at x0, σ?γ, and following the sequence

of steps shown in figure 12.
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(a) The loop γ
(b) The loop γ̃: all of the grey area is

mapped into x0.

Figure 11: The loop γ and the homotopic “thickened” loop γ̃ ∼ γ.

(a) (b) (c)

(d) (e) (f)

Figure 12: After “thickening”, γ and σ can be slided past each other. From this it follows that
γ ? σ ∼ σ ? γ for n-loops with n ≥ 2.

Exercise 2.12*: Why does the above argument fail for 1-loops? In other words, what

is the crucial difference between n-loops for n > 1 and 1-loops that makes the higher-

dimensional homotopy groups abelian?

2.4 Applications in physics

Consider a phase transition in a condensed matter system, for example in a ferromagnet which

develops a spontaneous magnetisation, characterised by the average magnetisation vector m,

below a certain “critical temperature”, Tc, i.e.

T > Tc , m = 0 ,

T < Tc , m 6= 0 .
(2.45)
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More generally, associated with a phase transition, there will be some order parameter that

becomes non-zero after the transition and which breaks a global symmetry of the system. For

example, in the example of a ferromagnet the magnitude of the average magnetisation is fixed

by the temperature, |m| = m(T ). Therefore at fixed T we have

m ∈ S2 , (2.46)

and any m breaks the symmetry group of the condensed matter system SO(3) −→ SO(2). The

space in which the order parameter, here m, can take values is called the order parameter

space, M. Thus, for the ferromagnet we have M = SO(3).

In general, there may be regions where the order parameter is ill-defined, called defects.

Consider for example a system undergoing a phase transition where the order parameter in

different regions becomes mutually incompatible. At the boundary of the two regions, the order

parmeter will be ill-defined.

Defects are usually given different names depending on their co-dimension, e.g. in three

dimensions

• a point defect is called a monopole

• a line defect is called a vortex

• a surface defect is called a domain wall.

Most importantly, these defects are stable because of topology! As we will see, the defects

are topologically distinct from the vacuum configuration and therefore no smooth process that

destabilise the defects.

Furthermore, we can use homotopy to see what kind of defects are possible in a particular

condensed matter system. To see this, consider enclosing a defect in a condensed matter system

X by a Sn, where n = d − m − 1 with d the dimension of X and m the dimension of the

defect. We can take the sphere to be sufficiently big so that the system is in thermal equilibrium

everywhere along the Sn, i.e. the defect is far away that it is “no longer felt”. Then along the Sn

we would have m ∈M and hence we can associate with the defect an element of the homotopy

group πn(X). In particular, only if πn(X) 6= 0 is it possible to have a defect! Moreover, defects

can also combine according to the group product of πn(X).

Example 2.5: Defects in 3-dimensional ferromagnets: As an example, consider the ferromag-

net again with M = S2. A defect is only possible if πn(S2) 6= 0. However, we have

π1(S
2) = 0 ,

π2(S
2) = Z ,

πn≥3(S
2) = 0 .

(2.47)

Using n = d−m− 1 we see that in a 3-dimensional ferromagnet, only monopoles can exist.
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Example 2.6: So-called liquid crystals have a nematic phase (nematic is Greek for thread-

like) in which the rod-shaped molecules making up the liquid crystal align themselves. However,

the molecules are not directed, meaning that opposite orientations are identical. Therefore, the

order parameter space in the nematic phase is

M = S2/Z2 = RP2 . (2.48)

As a result, nematic liquid crystal defects are classified by πn(RP2). We have

π1(RP2) = Z2 ,

π2(RP2) = Z .
(2.49)

We see that a 3-dimensional nematic liquid crystal system only admits two kinds of vortices, with

a composition law like Z2, while it admits infinitely many monopoles, which can be composed

together like the integers under addition.
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